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1. GAMMA FUNCTION

The function I'(z) is a meromorphic function of z with simple poles at z = —n,

(n = 0,1,2,...) with respective residue (_nl!)n. It has a definition by integral

representation

I(z) = /OOO e tt*ldt = /01 [log (Dr_ldt, R(z) > 0.

There are some basic function equations

I'(1+4z)=2I'(z), (Integration by parts)
I'n+2z)=z2(z41)...(z4+n—-1I(2),

so from this we have

i Lt2) D) G, n<m,
z——m F(z) 0, n>m,

which gives the meromorphic continuation and residues.
Some special values of I'(z) are

r(N =z p(3) =1, p(L) 2 and,
2 2) " 2 2

1 2n)! 1 !
r (2 +n> L ( - n) = (~1)"gro
n).

The Pochhammer symbol (&), is

() =a(a+1)...(a+n—-1)= F(ﬁ(z)n)
The Binomial coefficient (%) is
<a>:a(a—l)...(a—m+l):(_1)mf’(m—a): I'l+a)
m m)! m!Il'(—a) mIFl+a—m)

The multiplication theorem states that

=

H F(z—|— %) = (2#)%m7%m%7mzf(mz), m=23,...
1=0

For m = 2, it is the duplication formula
I (24 %) =2'72/7I(22).

The function t(z) is the logarithmic derivative of the gamma function

_dlogI'(z)  I''(2)
¥(z) = dz I(2)’

which is meromorphic with the same simple poles at z = —n,(n =0,1,2,...). The
value —1(1) =+ is the Euler—-Mascheroni constant.



2. BETA FUNCTION
The beta function is defined by
I'(z)I'(y)
F'z+y)’

By a change of variables, the beta function has the integral representation

B($’y> =

B(z,y) = /1ﬂ—1(1 —t)vldt = /1 wdt R(z) > 0,R(y) >0
) 0 o (1_|_t)z+y Y 9

The function B(z,y) satisfies the following functional equations
B(z,y) = B(y,x),
Y Y
B )==B l,y)= ——8
(@,y+1) = "Bz +1,y) praryy (2,9),
B(z,y)B(x +y,2) = By, 2) B(y + 2, z).
More generally

I'(x)I(z2) ... (z)
Dy +- +x,)

), nm=12,....

B(l’l,zg)B(l’l +I’2,$3) B(.’El + .. +{13n_1,117n) =

B m) =

Other integral representations include

n+m—1> (n+m—1
=n

n—1 m—1

oo
B(z,y) = / u” ' (1 +u)"* Ydu (Change of variables)
0

1
Bla) = [ 077 #0140

Observe that

r'(z)M(n+1) n!
B 1) = =
1 n n
= [ #la—tdt=n" [ 2 (1-2) d
|eta—ra=nm [t (12 2)
whereby
Jim (1-0) =
Hence
n*n!
I'(z) =l :
G =t T ). G
Thereby

_dlogI'(z) .. - 1
Vi) = —g = lim (10g”— D z+m>~

m=0

This gives the exact value

n—oo
m=1

"1
v =—1(1) = lim <Z o logn> =0.577215...



3. Two APPLICATIONS OF BETA FUNCTION

The function v(z) satisfies these function equations

Y =1 +2) - -,

1 1
1 =14+ 4. gy
Y(1+n) +2+ +n Y

1 n 1
z+1 z4+n—1

¢(z+n)=§+

Moreover,

We now prove the multiplication theorem. Let
m—1
F(z) = H I'(z+ L)/mé_mzf(mz).
1=0

Therefore

FI(Z) _m_l z i mlogm — my\mz) =
F(z)—;w<+m)+ log W(mz) = 0.

Thus F(z) is independent of z, depending only on m.
Using Stirling formula
I'(w) ~ V2rw® T re,

and comparing coefficients in both numerator and denominator, we get

m—1

F(z)=(2m) 2

Therefore

m—1
l me
H F(z + ) = (QW)Tlm%*mZF(mz).
1=0 m
The reflection formula states that

rzra-z = T

sinmz’
By invoking the beta function

I'(z)I'(1—2)=DB(z,1-2)= /01 N1 —t)Fdt

with the substitution

P L
14 (1 +w)?’
we obtain
oo uz—l T
I'x)I'l—=z)= / = — (Residue Theorem)
o 14w sinmz



4. RIEMANN ZETA FUNCTION

The function {(z) is a meromorphic function of z and has its only singularity a
simple pole, with residue 1, at the point z = 1.

((2) =) n7, R(z) > 1

=[1-2'"7] - Z(—l)"*ln*z, R(z) > 0 (Dirichlet test)
n=1
=[1-2727" Y @n+1)7% RG> L
n=0

As an infinite product, the function {(z) can be represented as
x)= ] a-p
p is prime
Proof as follows. For each prime p and Re(z) > 1, the geometric series gives
L=p ) =14p4+p >+

Hence

I[I a-p=7= [ @+p=4p+-).

p is prime p is prime

By the fundamental theorem of arithmetic, every positive integer n has a unique
prime factorization
n= H pkr

p is prime

where only finitely many k, are nonzero. Therefore the above expansion contains
each term n™% exactly once, and hence

I[I a-»7"=) n7=(x)
n=1

p is prime

A simple proof of the reflection formula is using the infinite product

1 = z
— L oVE 1 7) —z/n
T ° nl:[l( tL)e

Thereby

F(z)Fl(l = *zmz)lr(—z) = ﬁ (1 - i) '

Comparing with the sine product

we have




5. SPECIAL VALUES OF ZETA FUNCTION

The Bernoulli numbers B,, and the Bernoulli polynomials B, (z) are defined by

o0

o oo
z Z B, n ze” Z B, (z) n
e? —1 nl~ 7 er—1 n! '
n=0 n=0

The following expansion is valid for the Bernoulli numbers and polynomials.

Bn(z) = gBl (?) 2"l Bulz+y) = zn: (Z) B (z)y"™.

m=0
The Euler numbers F,, and the Euler polynomials E,, (x) are given by

oo

1 2e” E, ., T
coshz e22+1 _;HZ » lel < 2’

2e%* = En(z) ,
ez_'_l:;::o YRR |z| < .

Thus F,, =2"E, (%) Relations between Bernoulli and Euler polynomials are

n

Bu(z)=2"") (Z) Bp-mEm(2z), n=0,1,2,...,

m=0
£ule) = 57 s (557) e 5)
i [t - ()]

The Mellin transformation gives

tz—l

re)cs) =Y nr(z) = /OOO —
n=1

N

B L A Y. B o gl
= _ =~ - =L | dt dt
Zn!(ernfl)—i_/O <6t1 nzzon! +/1 et —1"

n=0

which leaves the only pole at z = 1 with residue By/I'(1) = 1 since others are
cancelled by 1/I'(z). Special values of the Riemann zeta function are

1 =1 7 =1 7t
O)==5 =3 5="7 W=2G=5

C(=m) = (-1)" B+ C(=2m)=0, m=1,23
- m + 17 - ) - ) ) 9t

o yme 21T _ (2m)Pm
C@m) = (=)™ g i Bem = Sy 1Baml:
c@m 4 1) = (—ymt D /1 Bam 1 (1) cot (t)dt
mrh= 202m + 1)l J, Trmritcormbat
From the Poisson summation, we could find
(5.1) C(2) = 2°7* ! sin%]”(l—z)((l—z),

where Riemann conjectured that all non-trivial zeros of {(z) lie on Rz = %



6. HYPERGEOMETRIC FUNCTION

Using underline g to denote a sequence of parameters a,as,... with given
length, the hypergeometric function ,F,(a;b;2) is a meromorphic function sym-
metric in its numerator parameters g and denominator parameters b separately
with poles at non-positive integer-valued denominators. It is defined by the series

o0

o = N (a)k e (ap)k 2
Pt = G B

where common parameters may be cancelled
pt1Fot1 (@, 0, ¢:2) = pFy (a3b; 2)
The radius of convergence |z| < R is
(DR=o00, (p<q) (JR=1, (p=q+1) B)R=0, (p>q+1),

unless the series terminates.
Limit and integral relations on hypergeometric series are

/ eittAilqu (a; b5 2t) dt = I'(A)p+1Fy (A, a;b; 2),
0

1
/ t4711 = t)B1 F, (a;b; 2t) dt = B(A, B)py1Fyr1 (A, a5 A+ B,b; 2),
0
Jim 1 Fy (A b A7 2) = pFy (a3 b5 2)

Bli_r)nooquH (a; B,b; Bz) = , Fy (a; b; 2) .

Two particular cases are the Gauss hypergeometric function o Fj(a,b;c; z) and
the Kummer confluent hypergeometric function 1 Fy(a;c; 2).
Taking o Fp(zt) = e*! gives Kummer integral

1 1
Filasb;z) = ——— [ " N1 —¢)’"*"'dt, R(b) >R 0.
1 ]_(G/, ,Z) B((l,b* (1) /0 € ( ) ) ( ) > (Cl) >
Taking 1 Fy(a;; 2t) = (1 — zt)~® gives Euler integral for the Gauss function
1 1
Fi(a,bic;z) = —— [ "7 11 —) "N (1 —zt)"%dt, R R(b) > 0..
2Py biess) = g [ 07— e R > R >

By introducing 6 = z-£ so that 6z% = kz*, these equations are obtained.
2(1=2)y" +[c—(a+b+1)z]y —aby =0, (y=2Fi(a,b;c;2)),
2" +(c—2)y —ay=0, (y=1Fi(a;c;2)).
A power series f(z) € Q[z]] is called globally bounded if, after a rescaling
z — Nz, its coeflicients have bounded denominators. f(z) is D-finite if it satisfies
a nontrivial linear differential equation with polynomial coefficients. Christol con-
jectured that every globally bounded D-finite series is the diagonal of a multivariate
rational function g,
(6.1) f(z) =diagg(z1,...,2m) == Z[z? ezt lg(ze, ey 2m) 2"

n>0

A classical unresolved example is 3F5 (%, %, 8; %, 1; z) , which is globally bounded
but is not known to be the diagonal of a rational function.



7. CLASSICAL ORTHOGONAL POLYNOMIAL

If some numerator parameter is a non-positive integer —n,n € N, then (—n); =
0 for all & > n and hence the hypergeometric series terminates. The classical
orthogonal polynomials arise naturally as terminating hypergeometric series.

The Jacobi polynomial is the terminating Gauss hypergeometric function

1), — 1—
Pl (z) = (O‘HQF1< n, n+a+pf+1 x>

For a,, 8 > —1, the Jacobi polynomials are orthogonal on (—1,1) with respect to
wa,g(z) = (1 —2)*(1 +2)P. For a = B = A — 1, they give the Gegenbauer family

A (2N)n (A -1a-1 (2M\)n —n, n+2x 11—z
= SO P Y (@) = F LT
Gl =0y n e 2

Its orthogonality weight is (1 — x2)>‘*%. For example,

—~

(Legendre) P, (z) = P{"%(z), w(z) =1,

<
3

! 1

(15" Chebyshev) T, (z) = ? Pé_%’ 2 (x), w(z) = (1—z?)7Y2
(2)n
Dn! (1.1

(224 Chebyshev) U, (z) = (n(—l;))nPT(L; 5)( ), w(x)=(1—2)"2

2/n

The Laguerre polynomial is the terminating Kummer series
+1)n
Lgla)(x) = %1F1(—n;a + 1 z).

For o > —1, the Laguerre polynomials are orthogonal on (0,00) with respect to
we(z) = x*e~*. The Hermite polynomial is also obtained from two terminating
Kummer series, according to parity. For even degree,

Han(z) = (=1)" e <_n; 1;$2> ;

n! 2

and for odd degree,

n2(2n +1)! 3
H2n+1($) = (—1) %x 1F1 <—TL; 27$2> .

If the weight w satisfies the Pearson equation
(ow) =71w, dego <2, degt <1.

then the differential operator T'(y)(z) = o(z)y” + 7(x)y’ + A\ny is formally self-
adjoint under suitable boundary conditions. The Rodrigues formula is

C,
w(z) da™

(7.1) Po(z) = [o(z)" w(z)],

which determines orthogonality. The Bochner—Krall problem seeks to classify all
orthogonal polynomial systems in terms of high-order differential operators, which
still remains open.



TABLE 1. Classical orthogonal polynomial families and their data.

Family Type Interval Weight w(z) o(x) 7(z)

Jacobi oF (-1,1) Q-z)*1+2)° 1-22 B-—a—(a+B8+2)x
Gegenbauer o (=1,1) (1—-z?)* 2 1—2 —2 4+ Dz
Legendre 2 FY (-1,1) 1 1—2° —2x

1% Chebyshev  oFy  (—1,1) (1—22)"2 1—22 -z

2°d Chebyshev  oF)  (—=1,1) (1— mz)% 1—2® -3z

Laguerre 1 F1 (0,00) z%™® T at+l—=z

Hermite Fy R e® 1 —2z

8. SYMMETRIC FUNCTION I

Let Q(«) be the field of fractions of the polynomial ring Q[a] with rational
coefficients in Q and indeterminate «. If a partition A has m; parts equal to
i, then write z)y = (1™12™2 ... )mylmy!.... Define a bilinear scalar product on
the vector space of symmetric functions A(a) = A ® Q(«) with indeterminates in
x = (z1,22,...) (possibly infinite) and coeflicients in Q(«) by this condition

(PasPp)a = Oapzaa™),
where p) is the power-sum symmetric polynomial and £()\) is the length of A.

The system of J-normalised Jack symmetric polynomials Jy = Jy(z;«) satisfies
the following axioms

(J1) (Orthogonality) (Jx, ), = 0 if X # p;
(J2) (Triangularity) Expanding them in terms of monomials

Iz a) = Z vap()my(x),

vap(a) = 0 unless p < A in the dominance ordering.
(J3) (Normalization) If |A| = n, then the coefficient vy 1» in Jx(z; @) is nl.
If (i,7) € A, then the quantity hx(7,5) = h(i, j) = X\i + X} —i — j + 1 is called the
hook length at (7, 7). We define two a-refinements of hy (i, j) as follows
hi(i,g) = h*(i,§) = Aj —i+a(Xi—j+1)
he(i,§) = he(inj) = X =i+ 1+ a (X = j).
The P-normalised Jack polynomial Py = Py(z; ) is related to Jy(z;a) by

Ia(w;0) = (H hi(S)) Py(z; )
sEA

Furthermore, the norm square of Jy is given by the formula j\(a) = (J, Jx), =

[T,c h2(s)h3(s), so the C-normalized Jack polynomial C = C)(x; ) is related to

Ja(w; a) by

A
Cx(z;0) = jk(z\)'J,\(m;a).

When a = 1, sy(z) = Py(z; 1) reduces to the Schur polynomial and when o = 2,
Cy(z) = Cx(x;2) is the classical zonal polynomial.
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9. SYMMETRIC FuNcTION II

The Hall-Littlewood polynomials are defined by the same orthogonality and
triangularity principles as the Jack polynomials, but with the scalar product

£(N) 1
<p)\apu>t = 5>\u2’)\(t), Z/\(t) = Z }:[1 m

Thus the factor associated with each part r is (1 — ¢")~!, whereas for the Jack
product it is the constant a:

(Pr, PpYa = Oapzaa™.

Macdonald introduced the two-parameter scalar product

<p)\7p,u>q,t = 5)\#2)\(q»t)7 Z)\(qa t) = Zx H jv

which replaces the Hall-Littlewood factor (1 —t")~! by
1—-4g"
-t

The system of P-normalized Macdonald symmetric polynomials Py = Py(z;q,t)
is characterized by the following axioms:

(M1) (Orthogonality) (P, P.)q: =0, for X # p.
(M2) (Triangularity) Expanding them in terms of monomials,

P)\($§ Qat) = ZUAM(qvt)mH@;)’

one has uy,(¢,t) = 0 unless ¢ < A in the dominance ordering.
(M3) (P-normalization) The coefficient of my in Py(x;q,t) is uax(g,t) = 1.

For ¢ = 0, the Macdonald product reduces to the Hall-Littlewood product,
£(N) 1
<p/\apu>0,t = (5>\HZ>\ 1:[1 1

and hence
Py (z;0,t) = Py(x;1).
To obtain the Jack polynomials, put ¢ = t* and let t — 1. Since
1—ter
1—1tr

—a, r>1,

we have
<p)\apu>t‘1,t — 5Auz)\0/()\)7
and therefore

Py(x;0) = lim Py (31, 1)

Thus the Macdonald scalar product simultaneously extends the Hall-Littlewood
product and degenerates to the Jack product.
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10. BESSEL FUNCTION AND DUNKL OPERATOR

The normalized Bessel function
2

z
Ja(2) = ol <0£ +1——

1 > =2°T(a+ 1)z7 %Iy (2)

satisfies the classical Sonine formula

, e+ +1) [t 2a+1(7 _ .2\—1 _
]O‘+ﬁ(z)2F(a+1)F(ﬁ)/0]a(zx)x (I—2%)"""de, a>-1, g>0.

It expresses a Bessel function of higher index as a positive average of Bessel functions
of lower index.

More generally, let R C R™ be a reduced root system, W its reflection group,
and k > 0 a W-invariant multiplicity. The Dunkl operators are

Tek)f () = 0ef(@) + 3 k(a)a, gyl —I17a2)
a€Ry {a,2)

Their joint exponential eigenfunction is the Dunkl kernel Ej, and the associated
generalized Bessel function is its Weyl symmetrization

Ji(x, 2) = |W\ Z Ep(wx, 2).

For R = {+1}, this reduces to Jy(z,z) = Jr—1(izz), and the positive intertwining
formula between two multiplicities is precisely the classical Sonine formula.
The first genuinely multivariate case considered here is

B, ={%e;, e, xej:1<i<j<n}, W(B,) =S5,xZs.
A multiplicity is determined by
k= (ki,k2), Fki=Fk(te;), ko=k(te; te;).
The corresponding Bessel function has the Jack hypergeometric form
e = o (2,2« g R )
X ldXT A CR()

and the Pochhammer symbol is defined as

where a = k3 ", a = ki +ko(n— 1) + 1,

= T (),

1<i<e

For type B,, the multivariate Sonine problem asks for a similar formula. Put
k= (ki,k2), k' = (k1 + h,ka),k1 > 0,ka > 0,h > 0. A necessary condition is

h e E(kQ) = {{Oak% .. '7k2(n - 1)} ;Z-i-} U(kQ(n - 1)700)7

where — is the Minkowski minus. For arbitrary k; > 0, ks > 0, h > ky (n 1), Rosler
and Voit conjectured that there exists a positive probability kernel uk * such that

(10.1) T8 iy (@2) = / T (€ 2k ().

Positive complete Sonine formulas are known in ko = %, 1,2,h > ko(n — 1) and
ko > 0,h € koly.
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11. LEGENDRE FUNCTION AND SONINE CONJECTURE

The Legendre polynomial is the terminating Gauss hypergeometric function

1—
Pp(z) =214 <n7ﬂ+ L; 1 2:c> .

More generally, the normalized Jacobi polynomial is

1—
R (x) = o Fy (—n,n+a+6+1;a+1; 2”“")7

so that P, = R(O’O) The classical Jacobi—Sonine formula has the form
R / RE(y) dpa(y), o, B> —1,v>0,

with p, a probability measure.
The higher-rank analogue is associated with the non-reduced root system

BC, ={%e;,+2¢; : 1 <i<n}U{fe;+e;:1<i<j<n}, W=S5,xZs.
Let k = (k1, ko, k3) denote the multiplicities on +e;, £2¢;, +e; £ e; and put

plk) = 5 > k(@)

a€ERy

The commuting trigonometric Cherednik operators are

De(k)f(@) = def(@) + S FONLEL (0)  floum)) — (o). 0 (@),

aER €
and their normalized joint eigenfunction G(\, k; x) is determined by
De(F)G(A ks x) = (A ) G(A ksx),  G(Ak;0) =1

with its Weyl symmetrization

Fge, (A k;x) = > G\ kswr)
|W‘ weW
being the Heckman—Opdam hypergeometric function. The normalized Heckman—
Opdam Jacobi polynomials are Ry(k;z) = Fpc, (A + p(k), k;iz), for dominant
integral weights \. For n = 1, this reduces to the classical Jacobi family,

1 1
R (k;t) = R (cost), o=k +ky — 3 B=h—3,

so the Legendre polynomials occur as the rank-one case o = 5 = 0.
Put &' = (k1 + hy, ko + ho, k3), where ky, ko, h1,he > 0 and k3 > 0. A natural
BC,-Jacobi Sonine conjecture states if hy + hg > ks(n — 1), then for every x there

exists a probability measure m’;,’k such that

(11.1) Ry(K:z) = / Ry (ks ) dm¥ * (y)

for every dominant integral weight A\. Equivalently, in terms of the Heckman-—
Opdam hypergeometric function,

(11.2) Fpe, (A +p(K'), K iz) = /FBC” (A + p(k), k; iy) dm" k().
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12. MULTIVARIATE GAMMA FUNCTION I

Let S, denote the space of real symmetric p x p matrices and S, S+ its positive
semidefinite and positive definite cones. Write etr(X) = exp(tr X'). The multivari-
ate gamma function is defined by
p—1

F,,(a):/S++etr(—X)|X|a—pT“dX, R(a) > =

P

For p = 1 this reduces to the ordinary gamma function. A Cholesky change of
variables gives the product formula

In particular,
P -1
Ia+1) = | I (a— 2) Iy(a).

The associated multivariate beta function is
Iy(a)Ip(b)
Ly(a+b) "

pt1

If T € S}, the Laplace transform of etr(—X)|X|*~ "= is

By(a,b) =

/ etr(—(I + T)X)|X|*"“F* dX = Iy ()| +T| "
st
Thus the ordinary identity
/ e ol dy = I'(a)t™®
0

extends from the positive half-line to the domain where I + T is positive definite.

For a function f defined on an open convex cone C, let D, f(x) denote its
directional derivative in the direction u € C. The function f is called completely
monotone on C'if f € C*°(C) and

(=1)¥Dy, -+ Dy, f(z) > 0

for every k > 0, z € C, and uy,...,ur € C. In one dimension this is the usual
condition (—1)%f*)(x) > 0.

The Bernstein—-Hausdorff-Widder theorem states that complete monotonicity is
equivalent to the existence of a positive measure on the dual cone

F(T) = / e T (ax),

For the cone S/, the closure S = Sf and the trace pairing (T, X) = tr(T'X)
identifies the cone with its dual. Consequently,

7) = | etr(~TX)u(ax)

is a Laplace transform if and only if f is completely monotone.
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13. MULTIVARIATE GAMMA FUNCTION II
For ¥ € S+, define
Lox(T)=|I+XT|"*, TeS}.
If T is restricted to diagonal matrices
T = diag(t1,...,tp), t; >0,
introduce the admissible set
A (X)={a>0:|I+XT|"*is completely monotone on R } .

The multivariate gamma conjecture states that for every X € S;‘ T there exists
a+(X) € [0, (p — 1)/2] such that
(13.1) %QD:%NUMAELm)

A nonsingular matrix M is called an M-matrix if its off-diagonal entries are
non-positive and M ~! has non-negative entries. the Bapat criterion states that
I+ 2T|7Y/2

is infinitely divisible if and only if there is a signature matrix D = diag(+£1,...,+1)
such that DX 1D is an M-matrix. In this case £, x(T) is a Laplace transform
for every a > 0. Moreover, a.(X) = 0 exactly in the infinitely divisible case
characterized by the Bapat M-matrix condition.

The same question appears naturally for matrix quadratic forms. Let A € S;
and B € S. Since

tr(BXTAX) = vee(X)T (B ® A) vec(X),

if ay,...,a, are the eigenvalues of A, define
n
Loa(B) =Ly + B A" =[] I, + a:B|~*.
i=1

If A= cP with P an orthogonal projection of rank r, then
Lo a(B)=|I,+cB|™™.
The Gindikin—Wallach set

_Jol pr=2 p—1
%{QTW,Q MJ{Z,m)

therefore gives the exact criterion
Lq, 4 is a Laplace transform <= ra € 0.

This suggests the following refinement.

Let A > 0 have distinct positive eigenvalues a1, . .., aq with multiplicities mq, ..., m,.

Another conjecture is the map
q
(13.2) B [y + aiBl7™
i=1

is completely monotone on S;* if and only if m;a € ©, for every i =1,...,q.
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14. ZONAL POLYNOMIAL I

Let G = GL,(R) and K = O(n). The group G acts transitively on the cone S;
of positive definite symmetric matrices by congruence

GnS/, g-X =gXg',
and the stabilizer of I,, is K. Hence
SF=G/K, gK ~ gg”.

If ¢ = kjaky is a singular value decomposition, with a = diag(ay,...,a,), then

every bi- K-invariant function on G depends only on a?, ..., a2, equivalently on the

')
eigenvalues of g7g.
The occurrence of even partitions can be seen directly from principal minors.
After complexification, let A,.(X) denote the determinant of the leading r x r
principal block and, for a partition A = (A1,...,A,), put

ANX) = A (X)M A2 A (X)),
If b is lower triangular with diagonal part ¢t = diag(ty,...,t,), then
AN(XDT) = 12222 AL (X).

Thus A, is a highest-weight polynomial of weight 2.

A pair (G, K) is a Gelfand pair if the convolution algebra L' (K\G/K) is commu-
tative. Equivalently, the quasi-regular representation on L?(G/K) is multiplicity-
free, or

dim VX <1

for every irreducible representation V. of G.
The pair (GL,(R),O0(n)) is a Gelfand pair. Its polynomial spherical representa-
tions are precisely those of even highest weight,

1 =2
dimvE =0 # /\,’
" 0, otherwise.

Choosing a unit K-fixed vector vg € Vo), the normalized spherical function is

ox(g) = (max(9)vr,vK),  pale) =1,

and satisfies
/K ox(ghh) dk = o5 (g)ex(h).

Since ¢y is bi-K-invariant, it is a symmetric function of the eigenvalues of g%g.
With the usual normalization,

T
or(g) = ZZAA((QLL?

Thus the zonal polynomials are the radial spherical polynomials of GL,(R)/O(n).
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15. ZoNAL POLYNOMIAL II
Let S = Som, 7 = (12)(34) - - - (2m — 1,2m), and its centralizer be
H= C’S(T) = S90S
Equivalently, H is the stabilizer of the standard perfect matching, so S/H may be
identified with the set of perfect matchings of {1,...,2m}. The pair (S, H) is a
Gelfand pair and the Schur-Weyl duality gives, in the stable range,
(V®2m)0(n) ~ @ 32)\ ~ Ind% 1
AFm

by the O(n)-invariant tensor v =", €; @ e;.

If w? denotes the spherical function corresponding to S?*, the spherical charac-
teristic map sends it to the zonal polynomial,

chy (w)‘) = Zy.

Hence zonal polynomials admit both the radial realization from GL,(R)/O(n) and
the matching realization from Ss,,,/H.

The Jack deformation of this picture is encoded by the connection coefficients
) (@), defined by

(o
3~ Jol@ia)Jo(y; @) oz ) ol _ Doty ae&gz)pu( )Py (Y)pa(2)-

0 ‘]9( ) m>0

A\, p,vbEm

At o = 1 these coefficients come from the class algebra of the symmetric group,
while at @« = 2 they come from the double-coset algebra of the Gelfand pair

(52717 Hn) .

Let A={ai,...,an} and B = {b1,...,by}. A matching of AL B is a partition
of these 2m vertices into m unordered pairs. If 1, do are two matchings, their union
is a disjoint union of even cycles of lengths 2p1,2ps, . ... Define their coset type by

A(61,62) = (p1,p2,--.) Fm.
Fix the standard matching
£ = {{al, bl}7 ey {amu bm}}
and, for each A F m, choose a matching J, such that A(e,d)) = A. Then
Go,={6:A0)=p, A(6,0)=v}
is the set of matchings of type (A, p, 7). A matching is called bipartite if every pair
has the form {a;,b;}.
The Matching—Jack Conjecture states that, for b = a — 1,
(15.1) (14 b) € N[b],

and more precisely that there should exist a non-negative integer statistic wt on
gﬁ"y such that

(15.2) o, 14b)= > O,
segn .

with wt(d) = 0 precisely for bipartite matchings. Dolega and Féray proved the poly-
nomiality in Q[b], and Ben Dali proved the stronger integrality in Z[b]. Positivity
and a uniform matching statistic remain unknown.
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